Abstract: Membrane effect often occurs in geosynthetic-reinforced structures, where subsoil may have voids or sinkholes. An analytical model is proposed to estimate membrane effect of geosynthetic reinforcement subjected to localized sinkholes. The upper interface friction in subsided area and vertical deformation of supporting soil in anchorage area are considered simultaneously. The maximum geosynthetic strain and the maximum surface settlement, served as key design points, can be determined.
Based on the proposed method verified using a full-scale experiment, a parametric study is conducted. The results show that ignoring upper interface friction results in significant undervaluation of maximum geosynthetic strain, and ignoring vertical deformation of supporting soil leads to obvious undervaluation of maximum surface settlement. A practical design framework is also proposed and it is an applicable tool D r a f t
Introduction
Geosynthetic-reinforced structures are extensively used in geotechnical engineering. In such an structure where subsoil may have voids or sinkholes, membrane effect often occurs along with soil arching (e.g., Giroud 1981; Kinney and Connor 1987; Giroud et al. 1990; Wang et al. 1996; Han and Gabr 2002; Rogbeck et al. 2003; Briançon and Villard 2008; Abusharar et al. 2009; Lu and Miao 2015; Feng and Lu 2015; Huckert et al. 2016; King et al. 2017) . During a subsiding process, geosynthetic interacts with overlying soil: subsided soil deflects geosynthetic and is also prevented from sinking by the deflected geosynthetic at the same time. Such interactions result in load transmission from subsided zone to surrounding less-deformed zone (i.e., arching effect) and load-deformation coordination of deflected geosynthetic (i.e., membrane effect). The former is evaluated to obtain the load acting on geosynthetic over cavity (e.g., Villard et al. 2016; Feng, et al. 2017a, b) ; the latter directly decides the maximum tensile strain of geosynthetic and greatly influences the surface settlement (e.g., Briançon and Villard 2008; Villard et al. 2016 ), both of which are key design points. This study will focus on the force and deformation characteristics in membrane effect, which are important for rational design of geosynthetic-reinforced structures.
To evaluate the anti-settling performance of geosynthetic over cavity, ultimate state and some simplification assumptions are adopted. First of all, it is generally assumed that the geosynthetic is fixed at the edges of cavity and its strain is uniform.
Based on this, the geosynthetic is assumed to deflect into regular shapes: circular arc (e.g., Giroud 1981; Giroud et al. 1990; Kuo et al. 2005) , parabolic curve (Giroud 1995) and combined parabolic-circular curve (Shukla and Sivakugan 2009 ). Geosynthetic strain calculated by all these methods only depends on the ratio between deflection D r a f t 4 and cavity width, and is not affected by overburden load and even mechanical properties of geosynthetic. Moreover, there does not exist a point with maximum strain in deflected geosynthetic. Obviously, these fly in the face of the real scenario (e.g., Villard and Briançon 2008; Huckert et al. 2016 ).
Differently, Espinoza (1994) deduced non-uniform strain of deflected geosynthetic with irregular shape based on its force equilibrium conditions. Then, Gourc and Villard (2000) obtained the maximum deflection and maximum tensile force for serviceability design of geosynthetic-reinforced structures subjected to localized sinkholes. But at this point, the slippage between soil and geosynthetic has not been taken into account. Additionally, Kinney and Connor (1987) firstly divided the deflected geosynthetic into two parts (i.e., subsided and anchorage areas) to consider the deformation coordination. Later, Villard and Briançon (2008) analyzed the relative slippage between soil and geosynthetic in anchorage area based on Coulomb friction law. Besides, Feng and Lu (2015) expanded its applicability to geosynthetic reinforcement over two adjacent voids. However, all the above methods ignored the vertical deformation of supporting soil in anchorage area, which may significantly influence the evaluation of anchoring effect of the geosynthetic in this area and then membrane effect (e.g., Yu and Bathurst 2017), especially for soft ground.
Furthermore, the relative slippage between overlying soil and geosynthetic in subsided area has rarely been considered by the existing analytical methods, which changes the external load on deflected geosynthetic. Therefore, it is necessary to improve the evaluation model of membrane effect.
This study presents an effective framework for estimating the membrane effect in geosynthetic-reinforced structures under local subsidence. An analytical model is developed first. The model is then verified using a full-scale experiment. Afterward, D r a f t 5 the influences of load distribution types, upper interface friction angle, modulus of subgrade reaction and subsidence width on maximum geosynthetic strain and maximum surface settlement are studied using the proposed model. Finally, a practical design method for geosynthetic-reinforced structures is proposed.
Formulation and solution
Fig. 1 depicts a geosynthetic-reinforced structure consisting of embankment fill, geosynthetic and supporting soil. Void or sinkhole in the soil substratum results in the occurrence of soil arching in the overlying soil and membrane effect of the deflected geosynthetic (Fig. 2) . During the subsidence, the downward moving soil in the subsided area transfers load to the surrounding areas with less deformation, leading to redistribution of stress acting on the geosynthetic. Meanwhile, combination of the embankment fill and the supporting soil deflects the geosynthetic, as shown in Fig. 2 .
The arching effect, with representation of load transfer mechanism, can be accurately estimated by the improved Terzaghi formulation reported by Villard et al. (2016) . The membrane effect, symbolizing force and deformation characteristics of the deflected geosynthetic, can be described by the proposed model in the later part.
Model characteristics
The deflected geosynthetic can be divided into two parts (i.e., subsided area and anchorage area in Fig. 2 ) and then to be analyzed separately. In the process of subsidence, the geosynthetic in the subsided area is stretched with no interaction with the supporting soil and there is no disengagement between the overlying soil and the geosynthetic (Fig. 2) , and the upper interface friction is considered in this area. The geosynthetics on both sides of the subsided area play an anchoring role and the D r a f t 6 vertical deformation of the supporting soil should not be neglected. To develop the analytical model, some more assumptions are made as follows:
(1) The behavior of the geosynthetic serving as a reinforcement is assumed to be linearly elastic (i.e., T = Jε where T is the tension in the geosynthetic, J is the stiffness for a unit width of the geosynthetic, and ε is the strain) and the strain of deflected geosynthetic is always less than its allowable tensile strain, ε a .
(2) The interface friction between soil and geosynthetic agrees with the Coulomb friction law (Fig. 3) . If the relative displacement between soil and geosynthetic, u, is larger than the critical relative displacement when the interface friction is fully mobilized (e.g., Gilbert and Byrne 1996) , u 0 , the frictional stress can be defined as τ = τ max = σ n tanφ where τ max is the maximum frictional stress, σ n is the normal stress, and φ is the interface friction angle. Otherwise, τ is expressed as
(3) A vertical stress-displacement relationship is assumed for the supporting soil:
where q and p are respectively the stresses on the upper and lower interfaces between soil and geosynthetic, and are assumed to be distributed along the horizontal direction; k s is the modulus of subgrade reaction; w is the vertical displacement. The overlying and supporting soils of the geosynthetic in the anchorage area are assumed to have no horizontal displacement. Thus, the tensile displacement of geosynthetic can be used as the relative displacement between soil and geosynthetic.
Membrane effect can be deciphered by coupling the forces and deformations of the geosynthetic in subsided and anchorage areas based on the point A in Fig. 2 
Determination of load applied to the geosynthetic
The load applied to the geosynthetic can be determined by Terzaghi's formulation and is generally assumed to be uniform (Giroud et al. 1990; Villard et al. 2000; Briançon and Villard 2008; Lu and Miao 2015; Feng et al. 2017a, b) . There are two types of void: a long void and a circular void (Giroud et al. 1990 ). For a long void with width B L , the vertical stress acting on the geosynthetic in the subsided area, q 1L , can be expressed as
where K is the lateral pressure coefficient and defined as the ratio between the horizontal and vertical stresses; γ s , φ s , and H are the unit weight, internal friction angle and height of the overlying soil, respectively; q 0 is the surcharge applied on the ground surface. For a circular void with diameter B C , q 1C can be expressed as
Based on discrete-element modeling and full-scale experiment, Villard et al. (2016) proposed an appropriate value for K (i.e., 1.2 for sand and 1.5 for coarse granular materials) in Eqs. (3) and (4) 
where q 1C1 is the maximum value of non-uniform part of the load, and q 1C2 is the value of uniform part (see Fig. 4) ; r is the ratio q 1C1 /q 1C2 ; x is the distance to the middle of cavity.
Response of geosynthetic in subsided area
A geosynthetic reinforcement is symmetrically embedded in the supporting soil with a void (Fig. 2) . In order to analyze the response of geosynthetic in subsided area to local subsidence, a half part of the geosynthetic and a differential element with length of ds are analyzed (e.g., Espinoza 1994; Shahu 2012, 2015) , as shown in Fig. 5 . Thus, considering force equilibrium in horizontal and vertical directions, the following equations are obtained:
where T Lh and T Lv are the horizontal and vertical components of tension (T L ), 
And based on geometry of the deflected geosynthetic, the following relationship
which gives
Taking the first-order derivative of Eq. (9) and placing the resulting equation into Eqs.
(7a) and (7b), yield
Invoking the assumption (1) and the strain-displacement relationship of deflected geosynthetic, the following equations can be given:
where u is the tensile displacement of a s-length geosynthetic from the origin.
Substituting Eq. (12) in Eq. (10), yields
Additionally, by taking the first-order derivative of Eq. (12) and substituting the resulting equation and Eq. (13) into Eq. (7a), yields
Invoking the assumption (2), τ 1u can be formulated as
where φ u is the upper interface friction angle between soil and geosynthetic. Thus, by substituting Eq. (15) into Eq. (14) and combining the resulting expression and Eq.
(13), the governing equations representing the force and deformation of deflected geosynthetic in subsided area can be obtained:
Response of geosynthetic in anchorage area
Similar to the subsided area, the force equilibrium of a differential element, dS, from the geosynthetic in anchorage area ( Fig. 6 ) also yields
where T Rh and T Rv are the horizontal and vertical components of tension (T R ) for the D r a f t geosynthetic in anchorage area, respectively; q 2 and p 2 are the vertical stresses acting on the upper and lower interfaces between soil and geosynthetic, respectively; τ 2u and τ 2l are the frictional stresses acting on the upper and lower interfaces, respectively; β R is the angle between tangential direction of dS and the horizontal direction; X is the horizontal distance from the differential element to the origin of X-W coordinate system ( Fig. 6 ). For the anchorage area, similar equations to Eqs. (10), (12) and (15) can be reformulated:
where U is the tensile displacement of a S-length geosynthetic from the origin of X-W coordinate system; φ l is the lower interface friction angle. Then, invoking the assumption (3) for Eq. (18) 
Similarly, by taking the first-order derivative of Eq. (19), substituting the resulting expression and Eq. (20) into Eq. (17a) and then combining these equations and Eq. (21), the governing equations representing the force and deformation of deflected geosynthetic in anchorage area can also be given:
Next, considering the overall equilibrium at point A in Fig. 2 as the connecting point between the subsided area ( Fig. 5 ) and the anchorage area (Fig. 6 ), the coupling relationship can be obtained as follows:
where T AL and T AR are the tensile forces of the deflected geosynthetic at point A at the right edge of subsided area ( Fig. 5 ) and the left edge of anchorage area (Fig. 6 ), respectively; β AL and β AR are the intersection angles on both sides of point A.
Moreover, the compatibility of deformation occurs in the deflected geosynthetic and can be expressed as
where L is the initial length of geosynthetic in anchorage area; s L and S R are the lengths of deflected geosynthetic in subsided and anchorage areas, respectively; u AL and U AR are the displacements on both sides of point A, respectively. Additionally, the boundary conditions are as follows: (1) Thus, by combining the governing equations (16) and (22), coupling relationship, deformation compatibility and boundary conditions, the membrane effect symbolizing force and deformation characteristics of the deflected geosynthetic over cavity can be evaluated effectively.
Prediction of maximum surface settlement
The design of a geosynthetic-reinforced structure depends on the stiffness requirement of geosynthetic and uneven surface settlement criterion. The maximum tensile strain (ε max ) of deflected geosynthetic, which can be calculated by the proposed method in this study, must be less than the allowable tensile strain (ε a ). The ratio (A e ) between ε max and ε a is called the anchorage coefficient (i.e., A e = ε max /ε a ), which reflects the anchoring effect of geosynthetic in anchorage area as well as the membrane effect. For the same geosynthetic reinforcement, geosynthetic strain is proportional to its tensile force, and the larger ε max at point A, the greater anchoring effect. On the other hand, the membrane effect of geosynthetic depends on its stretch degree after subsidence, also symbolized by A e . When A e = 1, the membrane effect has been fully developed. In contrast, when the subsoil has no voids or sinkholes, the membrane effect and anchoring effect are not developed (i.e., A e = 0).
In addition, there exists a limitation value of surface settlement (s a ), corresponding to one subsidence width (B L or B C ), defined by the RAFAEL method (Villard et al. 2000 (Villard et al. , 2016 Briançon and Villard 2008) for meeting the surface settlement requirement. The RAFAEL method considers a cylindrical collapse over the cavity, a parabolic shape of the deflected geosynthetic and the ground surface, and soil expansion with a global expansion factor. For a long void with width B L , the maximum surface settlement, s max , can be determined as
where C e is the expansion coefficient and defined as the ratio between the soil volume (V s ) in subsided area after subsidence and the initial soil volume (V 0 ) before 
Solution
The membrane effect is jointly decided by the stresses and deformations of geosynthetic in the subsided and anchorage areas. For geosynthetic in the subsided area, there may exist two kinds of deformation response based on the assumption (2): 
Model verification
This section compares the results of the analytical calculations by this study and the full-scale experimental tests conducted by Villard and Briançon (2008) . Table 1 shows the geometry and material properties of soil and geosynthetic. For ease of comparison, the same simplifications from Villard and Briançon (2008) are made here:
the arching effect in the overlying soil after subsidence is ignored, and the load over the geosynthetic is assumed to be uniformly distributed (i.e., q 1 = q 2 = γ s H = 8.5 kPa).
The modulus of subgrade reaction, k s , which is close to the elastic modulus (E s ) as a result of ν = 0.3 (Daloglu and Vallabhan 2000) , is assumed to be 30 MPa/m. The strain and vertical displacement of deflected geosynthetic are compared, as shown in Fig. 8 .
In Fig. 8 , the values of strain and vertical displacement of deflected geosynthetic in the anchorage area, calculated by the present method, are close to those of the full-scale experimental tests. It is noteworthy that the vertical deformation of supporting soil after subsidence is well described by the present method, as shown in Fig. 8b . In the subsided area, the results of the present method also match those of the experimental tests reasonably well. Obviously, from Fig. 8a , the maximum strain of deflected geosynthetic occurs at point A. Thus, the method in this study can be used to estimate the membrane effect of deflected geosynthetic over cavity.
Parametric study

Effect of load type on geosynthetic
In this part, three types of distributed load are considered ( Fig. 9a) Villard et al. (2016) , the experimental test conducted by Huckert et al. (2016) is only adopted for this analysis. The needed parameters are shown in Table 2 . And based on the numerical simulations reported by Villard et al. (2016) , K = 1.3 (Eq. 4) and r = q 1C1 /q 1C2 = 4 (Eq. 5) were obtained when Additionally, compared with load IPL, the values of ε and |y| under load CL are closer to the experimental results of Huckert et al. (2016) , since the latter is generated by a progressive process of cavity diameter opening similar to the full-scale experiment.
From Fig. 9a , the effect of load type on the variation of geosynthetic strain in the subsided area is more significant for the present method than the analytical method D r a f t
proposed by Villard et al. (2016) . From the middle of subsided area to its edge, the changing curves (UL, CL, and IPL) calculated by the former are steeper than those by the latter. The main reason is that the upper interface friction in the subsided area is considered by the present method but ignored by the method proposed by Villard et al. (2016) . From Fig. 2 , the upper interface friction promotes the stretch of geosynthetic relative to point A and the anchoring effect (A e or ε max ).
In order to further investigate the variations of strain and vertical displacement of geosynthetic in Fig. 9 , the variations of relative displacement (u or U) between soil and geosynthetic along the interface under different load types are shown in Fig. 10 .
From the marginal edges of subsided and anchorage areas to the junction point A (see Fig. 2 ), u and U both gradually increase. And based on the compatibility condition (Eq. 24), the summation of relative displacement is equal to the difference between the length of deflected geosynthetic and the initial length prior to deflection. When u > u 0 or U > u 0 , the interface slippage occurs and thus there exists some critical sliding points (x C in subsided area and X C in anchorage area) in Fig.10 . Same as y or ε in Fig.   9 , CL > UL > IPL for u and U. Thus, the higher load concentration level at the middle of subsided area leads to the larger relative displacement (u and U), stronger membrane effect (ε max and A e ), greater geosynthetic deflection (y max ) and maximum surface settlement (s max ).
However, the ratio r in Eq. (5) determining the non-uniformly distributed load, which changes with B C /H, still cannot be obtained by means of an analytical method.
Thus, load UL applied to the geosynthetic in the subsided area is adopted for analysis in the following parts. And based on the model verification, the experimental test conducted by Villard and Briançon (2008) is also adopted.
D r a f t
Effects of width-height ratio and anchorage length Fig. 11 shows the variations of maximum geosynthetic strain and maximum surface settlement with width-height ratio and anchorage length. All the required parameters are shown in Table 1 4.0, the change in L has no effect on s max (Fig. 11b) . Thus, the fixed length of geosynthetic (L = 2.5 m) can be used for analyses in the following parts. Fig. 11 also compares the results of three analytical calculations: Villard and Briançon (2008) , the modified method with consideration of upper interface friction in the subsided area and the present method. From Fig. 11a , ε max is undervalued by the first method but slightly overvalued by the second method. And in Fig. 11b , s max is undervalued by both the first and the second methods. Thus, the present method is very necessary for rational design of geosynthetic-reinforced structures.
Effects of upper interface friction angle and modulus of subgrade reaction
Figs. 12 and 13 respectively show the effects of upper interface friction angle and modulus of subgrade reaction on the strain and vertical displacement of deflected geosynthetic. All the required parameters are shown in Table 1 except k s and φ u .
Under the same load, the upper interface friction in the subsided area is reflected by φ u . From Fig. 12 , with increasing φ u , ε max increases obviously and f max decreases slightly. Thus the change in φ u has greater influence on ε max but less influence on f max .
Observing Fig. 2 , it is obvious that the increase of φ u enhances the interface friction on both sides of point A and then promotes the anchoring effect, which enlarges ε max .
The increase of interface friction in the anchorage area hinders the deflection of geosynthetic, but that in the subsided area is on the contrary. Furthermore, the former plays a dominant role, resulting in the slight decrease of f max .
According to the assumption (3) or Eq. (2), the modulus of subgrade reaction, k s , governs the vertical deformation of supporting soil. As shown in Fig. 13 Thus, φ u and k s should be synthetically considered for satisfying the stiffness requirement of geosynthetic and maximum surface settlement criterion. length between soil and geosynthetic, which promotes the membrane effect. Fig. 15 shows the variations of relative displacement (u or U) between soil and geosynthetic along the interface for different B. From Fig. 15 , with increasing B, the critical sliding points (x C in subsided area and X C in anchorage area) move to the opposite direction, away from the junction point A. Different from H, the increase of B only leads to the increase of the overlying load acting on the geosynthetic in the subsided area. The wider subsided area leads to the greater anchoring effect. In conclusion, the change in B has significant influence on ε max and f max or s max , and accurate determination of subsidence width is crucial to the design of geosynthetic-reinforced structures.
Effect of subsidence width
D r a f t
Practical design
This section proposes a practical design framework for geosynthetic-reinforced structures under local subsidence including the design charts, design method and an example application. It is noteworthy that the design framework is only applicable for the sheet-shape geosynthetic reinforcements (e.g., geotextiles), but not for the hole-shaped geosynthetic reinforcements (e.g., geogrids). When using the latter, the resistance resulting from the interaction between the soil strike-through within the apertures and the transverse ribs will play a significant role in the reinforcing effect, which is not considered by the proposed method.
First of all, the design charts (i.e., Fig. 16 ) are proposed based on the present method. The design charts give the maximum geosynthetic strain and maximum surface settlement for a given geometry. During a design process, the maximum geosynthetic strain must be less than the corresponding allowable tensile strain (ε a ), and the maximum surface settlement must meet the maximum surface settlement criterion (less than s a ). Only in this way can we obtain the optimal design.
Then, the design method for geosynthetic reinforcement subjected to localized sinkholes is introduced on the basis of design charts. The design consists of determining the stiffness of geosynthetic over cavity for a width-height ratio and a given maximum surface settlement criterion. For a given stiffness of geosynthetic, ε a is also known. In general, the anchorage length of geosynthetic is also seen as a key design point and can be determined reasonably by the same way as Fig. 11 . To control the computation, a fixed length of geosynthetic is adopted in this section, e.g. L = 2.5 m the same as that in the previous analysis. Now, we know all the parameters from Table 1 . Then, we can obtain ε max = 2.46% by using Fig. 16a . We find ε max < ε a and thus the selected geosynthetic can be served as an applicable reinforcement for the case.
Conclusions
In this study, an analytical model is proposed to estimate membrane effect of geosynthetic reinforcement subjected to localized sinkholes. In subsided area, the upper interface friction is considered and the relative slippage between overlying soil and deflected geosynthetic is also analyzed based on Coulomb friction law. In (1) Overlying vertical load on geosynthetic and its distribution type with consideration of arching effect significantly influence membrane effect of deflected geosynthetic. In cases when the geosynthetic in anchorage area is well anchored, the larger vertical load applied near the middle of subsided area leads to greater membrane effect.
(2) Anchoring effect first develops near junction point A (see Fig. 2 ) and then spreads toward the marginal edge of anchorage area during a subsiding process.
Increasing the anchorage length can promote the anchoring ability before the anchoring effect is fully developed. Huckert et al. (2016) . 
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